Abstract-This paper proposes a mechanical vibration identification method for sub-Nyquist sampling in theory, through the study on the ESPRIT algorithm. Then the method is improved for the problems encountered in the practical application: the big computational amount of solving generalized eigenvalues, the aggravation of ill-condition brought by correlation matrices, the big errors of attenuation coefficients. The improved identification method can be used to practically identify the sub-Nyquist sampling of mechanical vibrations. And the vibration signal identified can be recovered accurately. The validity of the method is verified through the simulation.
I. INTRODUCTION
Nowadays, in the industrial field, robots are developing toward the trend of light-weight. It not only makes robots quicker, but also increases the flexibility of robots' structure significantly. The vibration problem of industrial robots is increasingly prominent. On the other hand, in the field of space technology, due to its technical characteristics and working conditions, space robots have had light weight and obvious flexibility since they were put into use. So, the vibration problem of space robots is also serious. If people want to control the vibration of robots, at first the mechanical vibration should be observed and identified.
The conventional vibration identification method is based on Nyquist Sampling Theorem. And the sampling frequency must be higher than twice the highest frequency of the vibration signal being identified. Although this kind of vibration identification method is accessible, it is not an ideal one. The vibration identification method based on Nyquist Sampling Theorem requires the sensors and the data processing unit to work continuously at a high frequency, which is high energy-consuming in the practical project. In addition, if the system is controlled by telemanipulation, the communication bandwidth between the slave manipulator and the master handle is usually limited. Besides vibration sampling data, many signals must be sent back and forth through the communication link. And there is generally fluctuant time delay in the communication link of telemanipulation systems. In this case, the vibration sampling data that need to be sent from the slave to the master should be lessened as far as possible. This prompts people to study vibration identification methods for sub-Nyquist sampling.
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Sampling Theorem. Researchers have done some studies of identification methods for sub-Nyquist sampling in the field of informatics. Huang et al [1] , Wang et al [2] estimate the frequencies of wideband signals with sub-Nyquist sampling based on ESPRIT algorithm. They increase a time-delay channel for signals in the identification system respectively, to solve the problem of frequency aliasing caused by subNyquist sampling. Wang et al [3] propose a frequency measurement method based on sub-Nyquist sampling. The method samples high frequency signals with specifically low sample rate, which does not accord with Nyquist Sampling Theorem, and processes the obtained data with crosscorrelation theorem. And precise measurement for high frequency signals is achieved at last. Xue et al [4] , Li et al [5] improve ESPRIT algorithm respectively. They consider that solving generalized eigenvalues of covariance matrices greatly increases the computational complexity of ESPRIT algorithm. So they propose a new kind of space spectrum, and substitute the method of spectral peak search for solving generalized eigenvalues. And they simulate the estimation of DOA (direction of arrival) with improved ESPRIT algorithm.
However, in the field of mechanical vibration, the identification method for sub-Nyquist sampling is still rarely seen. The essential difference between mechanical vibration signals and informatics signals is that mechanical vibration signals decay with time, but informatics signals do not. This will cause difference between their models and difference between their identification methods. This paper firstly introduces the basic principles of ESPRIT algorithm briefly, and then proposes the theoretical identification method of mechanical vibration as for the mechanical vibration signal model established in the paper, and improves the identification method against the problems encountered in the practical application, and at last gives a simulation example and conclusions.
II.ESPRIT ALGORITHM
ESPRIT algorithm is proposed by Roy et al. And its full name is estimation of signal parameters via rotational invariance techniques. It is a kind of signal processing algorithm in the field of informatics, which is usually used to estimate DOA or the frequencies of complex frequency signals. The basic process of ESPRIT algorithm is introduced below.
Suppose there is a set of unrelated signal sources s 1 (n), s 2 (n), …, s M (n). The composite signal vector of the length m composed by the signal sources is expressed as .
(1)
w k (n) denotes the noise in the signal x k (n).
A is the direction matrix; Φ is the rotation invariant diagonal matrix.
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is a positive definite matrix. So it is also nonsingular [6] . I is a unit matrix of corresponding orders, Z is a sub-diagonal unit matrix. 
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III. MODEL OF MECHANICAL VIBRATION SIGNAL
General mechanical vibration signals can be considered as composite signals composed by multiple narrowband vibration signals. High-frequency vibration, or highfrequency noise, has little effect on the dynamic characteristics of a system. And it is difficult to be precisely identified and actively controlled. Therefore, we only model the first M orders of lower frequency signals in the whole vibration signal, and ignore the high-frequency noise. Then, the time-domain signal of the mechanical vibration to be identified can be expressed as below.
In which, A i is the amplitude of i-th order vibration; σ i is the attenuation coefficient of i-th order vibration; f i is the frequency of i-th order vibration; ϕ i is the initial phase of i-th order vibration.
If x(t) is sub-Nyquist sampled with the sampling frequency F s , the obtained discrete signal can be expressed as
IV. THEORETICAL METHOD OF MECHANICAL VIBRATION IDENTIFICATION FOR SUB-NYQUIST SAMPLING
For using ESPRIT-like method to identify the subNyquist sampling signal of mechanical vibration, an additional sampling point needs to be set a little after each sampling point. That is, if t=t 0 is a sampling point, after sampling x(t 0 ), we still need to sample x(t 0 +τ). And τ should satisfy τ<1/(2f M ).
The additional sampling sequence can be expressed as
Suppose the amount of sampling points (without additional sampling points) is N. And N should satisfy N≥4M-
We can obtain The sub-Nyquist sampling frequency F s should satisfy that it makes X a row full rank matrix. That is, rank(X)=2M. In most cases, this condition can be met. If rank(X)<2M, it indicates that F s is not selected properly and needs to be adjusted.
When rank(X)=2M, we can obtain at the same time rank(Y)=rank(A)=rank(S)=2M. In addition, rank(Φ)=2M is always true. If define correlation matrices ,
It can be obtained that
That is, the generalized eigenvalues of the matrix pencil {R XY , R XX } are , …, , Therefore, the identification method must be improved for the problems above.
Firstly, for the problem of the big computational amount of solving generalized eigenvalues, the definition of generalized eigenvalues is: for the matrix pencil {A, B}, if Au=λBu, u≠0, λ is called the generalized eigenvalue of {A, B}. According to the definition, the solution of generalized eigenvalues is to solve the characteristic equation det(A-λB) =0. But solving a high degree equation is a very difficult problem. Solving it directly is adverse to the realization of the algorithm. Specific to the current problem, the definition of generalized eigenvalues is , . Secondly, when we calculate the inverse matrix of R XX , the condition is often encountered that the elements of the inverse matrix overflow. This demonstrates that in many cases R XX presents serious ill-condition. It can be proved that the ill-condition degree of R XX is not lower than that of X. To avoid the overflow problem caused by ill-condition, to use X, Y directly instead of the correlation matrices should be considered. The correlation matrices have 2 advantages that X, Y do not have: the correlation matrices are square matrices, which can be inversed directly; and the correlation matrices use all the sub-Nyquist sampling data adequately, which brings error reduction. In order to let X, Y possess the advantages above, we transform X, Y as follows.
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Thirdly, in the process of practical identification, vibration frequencies always have relatively accurate results. However, the identification errors of attenuation coefficients are often very big. This is because in typical mechanical vibration, attenuation coefficients are very small quantities relative to vibration frequencies. When τ<1/(2f M ) is required, σ i τ, i=1, …, M, will be small quantities close to 0. In addition, e x presents strong nonlinear characteristics in the neighbourhood of x=0. In this case, using to identify
., M, is not robust. That is, tiny fluctuations of
will result in big errors of σ i . We can adopt the so-called twophase identification method to solve this problem. The twophase identification method is to identify vibration frequencies and attenuation coefficients respectively in 2 phases, and then match them in pairs. The method mentioned above is still used to identify f i , i=1, ..., M. The identification method for σ i , i=1, ..., M, is as follows.
For X i defined in (29), let i=1 and i=N-4M+2 respectively. Thus , 
Then it can be known that the generalized eigenvalues of the matrix pencil {X N-4M+2 , X 1 } are
.., M, can be realized through solving the generalized eigenvalues of the matrix pencil {X N-4M+2 , X 1 }. However, what is noteworthy is that the vibration frequencies can not be identified through the generalized eigenvalues of the matrix pencil {X N-4M+2 , X 1 } because of the frequency aliasing phenomenon. Similar to the above, the generalized eigenvalue problem of the matrix pencil {X N-4M+2 , X 1 } can be transformed into the eigenvalue problem of the matrix
For the problem of matching the vibration frequencies and the attenuation coefficients in pairs, suppose , .
When f i and σ k match, will be a singular matrix in
That is, its condition number will tend to infinite. According to this property, the matching method can be designed as from the lowest frequency to the highest frequency, let each vibration frequency choose one attenuation coefficient for itself. Sub-Nyquist sample the mechanical vibration with the sampling frequency of 4Hz, and the length of sampling is 100, then we will get the sub-Nyquist sampling sequence. Synchronously sample the mechanical vibration with the delay of 0.001s, and then we will get the additional sampling sequence. That is to say, F s =4, N=100, τ=0.001. The subNyquist sampling sequence is shown in Fig. 2 . Model the mechanical vibration signal, and let M=6. Identify the vibration frequencies and the attenuation coefficients respectively, and then match them in pairs. The theoretical values, the identification results and the errors of the vibration frequencies and the corresponding attenuation coefficients of the front 6 orders are listed in Table 1 . Estimate the corresponding amplitudes and initial phases with the least square method, then the whole identification result of the mechanical vibration signal can be figured out. The error between the theoretical value and the identification result of the identified signal is shown in Fig. 3 . It can be seen from Fig. 3 that the mechanical vibration identification method for sub-Nyquist sampling proposed in this paper has very high precision. It proves the effectiveness of the proposed method.  Match the vibration frequencies and the attenuation coefficients in pairs.
 Estimate the amplitude and the initial phase of each order with the least square method, and figure out the whole identification result of the mechanical vibration signal.
The effectiveness of the identification method proposed in this paper is proved by the simulation.
